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The antiferromagnetic correlation plays an important role in high-Tc superconductors. Consid-
ering this effect, the magnetic excitations in n-type cuprates near the optimal doping are studied
within the spin density wave description. The magnetic excitations are commensurate in the low
energy regime and further develop into spin wave-like dispersion at higher energy, well consistent
with the inelastic neutron scattering measurements. We clearly demonstrate that the commensu-
rability originates from the band splitting and Fermi surface topology. The commensurability is a
normal state property, and has nothing to do with d-wave superconductivity. The distinct behaviors
of magnetic excitation between the n-type and p-type cuprates are further discussed. Our results
strongly suggest the essential role of antiferromagnetic correlations in the cuprates.
PACS numbers: 71.27.+a, 75.40.Gb 74.72.Ek, 75.30.Fv
I. INTRODUCTION
The parent compounds of the high-Tc-temperature su-
perconductors are antiferromagnetic (AFM) Mott insu-
lator. Superconductivity (SC) emerges when charge car-
ries (holes or electrons) are doped into the CuO2 planes.
As well known that the clear electron-hole asymmetry is
found in the phase diagram. For hole doped case, the
AFM and superconducting phases are separated by spin
glass phase. In contrast, the AFM phase extends over a
much wider range of doping and even coexists with SC in
the electron doped cuprates1. Due to proximity of anti-
ferrmagnetism and SC, it is generally believed that there
exists intrinsic link between these two phases. The stud-
ies of the spin dynamics in n-type and p-type cuprates
will shed light on the mechanism of superconductivity.
One of the most available techniques to study the
spin dynamics is the inelastic neutron scattering (INS),
which directly measures the magnetic excitations (MEs).
Compared with the well studied p-type cuprate2,3, the
investigations on the MEs in n-type cuprates4–9 are
much less due to the technical reason. A robust fea-
ture of MEs in n-type cuprates, i.e., the commensurate
spin response, had been revealed by these INS mea-
surements. The commensurability, characterized by the
strongest intensity peaked at Q = (π, π), covers for a
wide low-energy region near the optimal doped NCCO4
and PLCCO5. Further detecting shows that such com-
mensurability in n-type cuprates exists for a wide dop-
ing range from the underdoping to heavy overdoping7,8.
More importantly, the commensurate MEs persist well
above superconducting critical temperature Tc, indicat-
ing its non-superconducting origin. It gradually develops
into the spin-wave-like dispersion centered around the Q
point at higher energy, analogous to its undoped par-
ent compound5. In contrast, The well known ’hourglass’
type magnetic dispersion had been discovered in the p-
type cuprates, where the commensurate peak can only be
found at the resonance energy. Therefore, the two types
of cuprates exhibit distinct spin response, indicating the
intrinsic particle-hole asymmetry.
Theoretically, several works had been carried out to
interpret the MEs features of n-type cuprates. Adopt-
ing the single band description with experimentally fit-
ted parameters, Kru¨ger et al. claimed that the fermiol-
ogy random phase approximation (RPA) approach with a
momentum independent (or weakly dependent) Coulomb
repulsion cannot account the low-energy commensurabil-
ity. Their numerical results indicated that the MEs in
n-type case should be more incommensurate than that
in p-type case10. Such conclusion may reveal the fact
that the single band description is invalid in the n-type
cuprates7. Ismer et al. showed that this may be improved
by a strongly momentum dependent Coulomb repulsion
with form of Uq = U0(cos qx + cos qy)
11. However, such
improvement is more likely originated from its sharply
peaked form at (π, π), which cannot be understood phys-
ically. Using a slave-boson mean-field approach, Li et
al. showed that the commensurability can be established
in the SC state12. These above mentioned theoretical
works are all based on the belief that the d-wave SC is
response for the low energy commensurability. It is hard
to image that the small superconducting gap can pro-
duce the wide energy range commensurability. The most
important is that the commensurate phenomenon is also
found in the normal state of n-type cuprates, where the
d-wave SC disappears. The MEs had also been discussed
within the frame work of coexisting of SC and AFM13.
Commensurate ME had been subsequently obtained14.
However, this result clearly contradicts with the stoner
critition15,16. Furthermore, recent INS data reveal a
magnetic quantum critical point where the SC first ap-
2pears, implying that the coexistence may not exist6. Ad-
ditionally, as we mentioned above, the commensurability
also exists in the state without long-range AFM order.
In this paper, we focus on the commensurate MEs in
the n-type cuprates near the optimal doping. Its en-
ergy region is closely related the to strength of effective
(π, π)-scattering. The commensurate peak disappears at
magnetic resonance energy ωMres and develops into the
spin-wave like dispersion. These features are qualita-
tively consistent with INS measurements. This commen-
surability is a normal state property, and has nothing
to do with the superconductivity. We explicitly demon-
strate that the commensurability is originated from the
band splitting and Fermi surface topology. Therefore, the
AFM correlation plays key roles in the n-type cuprates.
The differences of MEs between the p-type and n-type
cuprates are further discussed for comparison.
A spin-density wave (SDW) description is adopted to
investigate the n-type cuprates near the optimal dop-
ing. Such description is first suggested by Armitage et al.
based on the ARPES measurements on NCCO17. The
underlying Fermi surface disappears around the hot-spot
near the optimal doping, where the long-range antiferro-
magnetism is absent, strongly suggesting the existence of
a Q = (π, π)-scattering. Parker et al. further proposed
an effective energy band with ξηk = ǫ
′
k+η
√
ǫ2k + V
2
π,π (η =
1, and −1 for upper, and lower band, respectively)18,
where Vπ,π is the strength of the effective Q-scattering,
representing the influence of the SDW. ǫk and ǫ
′
k is the
inter- and intra-lattice hopping term. This description
well reproduces the
√
2 × √2 band folding and Fermi
surface reconstruction19,20, and its applications on the
temperature evolution of optical conductivity21 and the
Hall coefficient22 give qualitative agreement with exper-
iments. Now, the model Hamiltonian is expressed as
H =
∑
kσ
ǫ′k(d
+
kσdkσ + e
+
kσekσ) +
∑
kσ
ǫk(d
+
kσekσ + hc.)
−
∑
kσ
σVπ,π(d
+
kσdkσ − e+kσekσ), (1)
where, the two sublattices D and E with respective
fermionic operator d and e are introduced due to SDW23.
ǫk = −2t(coskx + cosky), and ǫ′k = −4t′coskxcosky −
2t′′(cos2kx + cos2ky) − µ with t, t′, and t′′ are the fit-
ting parameters for nearest-neighbor (NN), second-NN,
and third-NN hoping. The summation is restricted in
the AFM Brillouin zone. The quasiparticle dispersion
ξηk can be obtained by the rotation transformation, with
corresponding weight factor W η = 12 (1+ηsin2θk). Here,
cos2θk =
Vpi,pi√
ǫ2
k
+V 2pi,pi
, and sin2θk =
ǫk√
ǫ2
k
+V 2pi,pi
.
Here, we would like to emphasize that the long-range
AFM order disappears near the optimal doping. As
pointed by Motoyama et al. that the Neel temperature
detected above x = 0.134 in NCCO originates from the
region of samples that were not fully oxygen-annealed6.
This means that the genuine long-range antiferromag-
netism does not coexist with superconductivity. How-
ever, the 2-dimensional AFM correlation remains. Unlike
only several lattice-distant length in p-type cuprates24,
the AFM correlation is about tens lattice-distance in
the optimal electron-doped cuprates6. In this sense, the
AFM correlations in the n-type cuprates is similar to
the long-range AFM order at least in the small scaling.
Therefore, using a slowly fluctuating SDW order to de-
scribe the long-range AFM correlation is a considerable
treatment. Though present SDW description is analo-
gous to the form in the AFM phase13, the physics behind
is essentially different.
The spin susceptibility under random phase approxi-
mation is
χq (ω) =
χ0q − U
(
χ0qχ
0
q+Q − χ0q,q+Qχ0q+Q,q
)
(
1− Uχ0q
) (
1− Uχ0q+Q
)
− U2χ0q,q+Qχ0q+Q,q
,
(2)
with U is a reduced Coulomb interaction due to the
screening effect25. The bare spin susceptibilities are
χ0q,q =
∑
k
sin2 (θk+q + θk) (F−− + F++)
+
∑
k
cos2 (θk+q + θk) (F−+ + F+−)
χ0q,q+Q =
∑
k
(cos 2θk − cos 2θkq)(F−− − F++)
−
∑
k
(cos 2θk + cos 2θkq) (F−+ − F+−) (3)
with Fηη′ is
Fηη′ =
1
4
(
fηkq − fη
′
k
)( 1
ω − ξηkq + ξη
′
k
)
, (4)
where fk = 1/(1+ e
ξk/kT ) is the Fermi distribution func-
tion. In numerically, the doping level is fixed at x = 0.15,
near the AFM quantum critical point6. t = 250meV,
t′ = −50meV, and t′′ = 20meV are adopted18. The best
fitted effectiveQ− scattering strength is Vπ,π = 100meV,
and it will be adjusted for necessary. The temperature
is fixed at T = 0.2meV. We adopt a broaden factor Γ to
calculate the spin susceptibility. The reduced Coulomb
interaction is about 600meV ∼ 760meV, which is about
2 ∼ 3t. Our calculations are carried out on a mesh with
2048× 2048 k-point in the full Brillouin zone.
The typical energy-evolution of the MEs ℑχq(ω) is
shown in Fig. 1. In the low-energy regime below 18meV
(Fig. 1(a), (b)), the MEs are incommensurate with strong
intensity at diagonal directions. Simultaneously, the in-
tensity near Q enhances gradually. In the intermediate-
energy regime, the strongest intensity locates at the
Q point, leading to the the so-called commensurability
(Fig. 1(c), (d)). It maintains up to an critical energy
about 88meV (Fig.1(e)), where the strongest intensity
ℑχQ(ω) in the normal state can be found, and is re-
ferred as the magnetic resonance ωMres
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FIG. 1: The typical momentum distribution of MEs ℑχq(ω)
for different energy ω. Only the near Q region are shown
for clarification with 15pi
16
≤ qx(qy) ≤
17pi
16
. U = 700meV,
the effective (Q)-scattering strength Vpi,pi = 100meV, and the
broaden factor Γ = 10meV.
range for the commensurability is approximately 70meV
for Γ = 10meV . This magnetic resonance is directly re-
lated to the fact that the real part in denominator of the
RPA formula (Eq. 2) reduces to zero. Subsequently, it
evolves into a ring-like incommensurability in the high-
energy region with its radius expanding upon the further
increased energy (Fig. 1(f)). For high enough energy, the
MEs are incommensurate with strong intensity at the
vertical directions (not shown).
Such features can be more clear in dispersion of the
MEs at high symmetry scanning lines as shown in Fig. 2.
A wide energy regime with commensurability exists for
all selected U , manifesting its universal nature. The
low-energy incommensurability increases slightly upon ω.
Hence the commensurability cannot not be viewed as the
overlap of two incommensurate peaks. It is an intrinsic
feature of n-type cuprates. The low-energy incommen-
surability may be suppressed and even absent with en-
hanced U . For example, when U = 0.76V (Fig. 2(c)), the
MEs are still commensurate at low enough energy. Corre-
spondingly, the magnetic resonance energy ωMres decreases
down to 30meV for Γ = 5meV . The experimental dis-
covered commensurability in NCCO4 and PLCCO7,8,26
near the optimal doping is more like similar to this case.
The value of U = 760meV is near the AFM stability,
consisting with the fact that the optimal doping is near
the AFM quantum critical point6.
The possible energy range of commensurability is
mainly determined by the effective Q-scattering poten-
tial Vπ,π. For V = 100meV and Γ = 5meV, it is about
48meV. This energy range decreases down to 10meV
when the V = 50meV. However, the realistic energy
range of commensurability may be substantially reduced
for strong U due to the proximity of the AFM stability.
It is only 30meV for stronger U = 760meV. For strong
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FIG. 2: The dispersion of the MEs ℑχq(ω) along the high
symmetry direction. Upper panels are for vertical direction
with qy = pi, and lower panels are for the diagonal direction
with qy = qx. From left to right is U = 660meV, 700meV, and
760meV, respectively. The effective Q-scattering potential is
Vpi,pi = 100meV and the damping rate Γ = 5meV. All data
had been renormalized by setting the strongest intensity at
given ω as unit, denoted by the white lines.
enough U ≥ 770meV at given V = 100meV, the com-
mensurability is entirely suppressed and only the ring-
like magnetic feature remains. This situation is indeed
an AFM state. Therefore, the ring-like feature at high-
energy regime in the electron-doped cuprates shares the
same origin as that in their parents compounds. In fact,
those theories based on the long-range AFM order13,14
cannot account the commensurability found in NCCO4
and PLCCO7 due to Stone instability at ω = 016, unless
some special control parameter is adopted. The energy
range of commensurability also depends on the broaden
factor Γ as comparing the data in Fig. 1 and Fig. 2 ((e)
and (f)). However, this phenomenon is still present even
a small Γ = 1meV is adopted, which is less than the
instrument resolution. Hence, the commensurability is
an intrinsic and universal property of the electron-doped
cuprates in the normal state.
The main difference in present work from the previ-
ous theoretical investigation by Kru¨ger et al.10 is the
influence of the AFM correlation is taken into account.
The SDW description take the place of the single band
description, producing a splitting two-band. Therefore,
the commensurability is a directly result of the band-
splitting. This can be also seem from the fact that
commensurate energy region diminishes with the reduced
Vπ,π as we shown before. As we known that the AFM cor-
relation weakens with doping27. In the heavy overdoping
range, the AFM correlation disappears, i.e., Vπ,π = 0,
leading to the absence of band-splitting. Our results is
then same as the work of Kru¨ger et al., the MEs become
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FIG. 3: The electron sturecture (upper panels) and Fermi
surface (lower panels). (a), and (c) are for n-type cuprates
with SDW description described in the text. (b), and (d) are
for p-type cuprates with YRZ ansatz30. The line thickness in
(a), and (b) denotes the weight factor. The doping density is
fixed at x = 0.15.
incommensurate, consisting with INS measurements7.
In the p-type cuprate, the MEs exhibit the well known
’hourglass’ dispersion, the commensurate peak emerges
at the single energy point ωres. The underdoped p-type
cuprates can also be described by the two-band descrip-
tion due to the opening of pseudogap28, where the two
bands near the antinodes are separated. Why do the two
types of cuprates show significant particle-hole asymme-
try? As well known that the Fermi surface is an ’arc’
or hole pocket near the node point in the underdoped p-
type cuprates29, while it is an electron-pocket near antin-
odal point in the n-type cuprates even near the optimal
doping as shown in Fig. 3. In fact, the two bands co-
incides at node point in p-type cuprates, which leads to
the single-point commensurability at resonance energy.
Furthermore, this can also interpret the commensurabil-
ity exists in slightly overdoped n-type cuprates even the
large-three-pieced Fermi surface17 forms because of the
band splitting at nodes. Therefore, both the band split-
ting and Fermi surface topology play the important roles
in the universal commensurability in the n-type cuprates.
As we stressed before, they both originate from the AFM
correlation. Together with the previous theoretical works
on the band structure19,20 and transport properties21,22,
we conclude that the AFM correlation plays essential
roles in the cuprates.
The commensurate MEs remain in the presence of su-
perconductivity. We introduce a phenomenological BCS-
like pairing term −∑k∆k (dk↑e−k↓ + ek↑d−k↓ + h.c.)
with standard d-wave symmetry ∆k = ∆(cos kx−cos ky).
The resultant MEs change little, consistent with the
INS observations. Therefore, the commensurability in
n-type cuprate is a normal state property, and has noth-
ing to do with SC. The commensurability had been
also obtained in a single band description with d-wave
superconductivity11,12. Though the d-wave pairing pro-
duces two bands. However, the superconducting gap in
the optimal doped n-type cuprates is only 3 ∼ 4meV 31,32,
too small to account for the wide energy range commen-
surability. It seems that the commensurability comes
from the strong peaked factor Uq
11 or Jq
12 rather than
the d-wave superconductivity in these theoretical inves-
tigations. More importantly, the commensurability is a
normal state property, which can also be discovered well
above the superconducting transition temperature Tc.
In conclusion, the magnetic excitations near the op-
timal doped n-type cuprates are studied within a spin-
density wave description. The main features of magnetic
excitations in the normal state are well established. Our
analyses clearly demonstrate that the band splitting and
the Fermi surface topology are the key for commensu-
rability in n-type cuprates. This strongly suggests that
the antiferromagnetic correlation plays important roles
in cuprates. We emphasize that the commensurability
is a normal state property, and has nothing to do with
superconductivity. The qualitative agreement between
the theoretical calculations and experimental data also
suggests the validity of the spin-density wave description
near the optimal doping where the long range antiferro-
magnetic order is absent. We also discuss the distinct
behavior of magnetic excitations in the n- and p-type
cuprates.
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